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GAUSS-WEIERSTRASS SINGULAR INTEGRAL 
BY 
A. WAFI, A. KHAN and S. UMAR* 
1. Introduction. Let f{.x) be a periodic integral function 
{L", P>X) with period 2k and let 
1 CQ TO 
(1.1) / (a*) ~ y Co + X) ^^  + ^^  = X) k^isi;) 
be its Fourier series. 
The Gauss-Weierstrass singular integral of f{x) is defined by 
W„{x) f) = X; A, (X) 
= f fix + t) dt + 0 ( f ) , 
where 0 ( f ) - > 0 as 
Definition (1.1). A function fix), integrable L, is said to 
belong to kit) class, where kit) is positive increasing function and 
kit)/t is decreasing such that 
(a) [fix ^-t)- fix)\^Oikit)) 
(b) kixy) = kix) kiy). 
We notice that by taking 
(i) kit) = t", 0 <'of < 1, then our class reduces to Lip cs. 
(ii) kit) = f-'^'f and if fix) e LKP > D, then our class 
reduces to Lip (of, p) (Hardy and Littlewood [1]). 
(iii) kit) = i^it) -fit) is positive increasing function and 
fix) e Uip > l ) , . then our class reduces to ifit), p) class (Huzoor 
H. Khan [2]). 
We define 
* S u p e r v i s o r . 
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m =f{x + t)+ fix -t)-2f {X) . 
2. Our main purpose here is to determine the order of 
approximation by considering Gauss-Weierstrass singular integrals 
of the Fourier series of f{x) for a more general class k{t). 
Our theorem is as follows: 
Theorem (2.1). If f{x) belongs to k{t), then 
provided k{t) satisfies the following 
J vi \ S J 
Proof. Since 
W{x; f ) - fix) - / W r \f(x + t) + f{x-t)-2f(x)\e^-''^^^dt 
J - n 
+ R(x, e) 
= 2 £ <p(t) dt + 0(0 
(following Sunouchi and Watari [3]) 
- 2 + m dt 
= /i + /a, say. 
Now evaluating h , we have 




<2V~^ £ dt 
Now putting f = u, we have 
Next, 
h = 2 V Tr/f £ 0(0 dt 
A N O T E ON T H E ORDER OF A P P R O X I M A T I O N OF ^ 4 7 
GAUSS-WEIERSTRASS SINGULAR I N T E G R A L 
\l2\<2Vn/^  10(01 
= OU(e)) r^^ e-"'k(u) du J 
_ U-'u'e-"'k(u) du /I 
' f 




Adding the bounds for /i and I2, we have 
which terminates the proof. 
Remark. It may also be remarked that by giving different 
values to k(t), we get some interesting results, 
(i) If k(t) = t", we have 
(ii) If k{t) = we get 
(iii) If k(t) = iA(0 t-^^f, we obtain 
\W(x-, 5)-fix) I = . 
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